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Abstrat
The paper disusses the use of amplitude equations to desribe the spatio-temporal
dynamis of a hemial reation-diusion system based on an Oregonator model of the
Belousov-Zhabotinsky reation. Suiently lose to a superritial Hopf bifuration the
reation-diusion equation an be approximated by a omplex Ginzburg-Landau equation
with parameters determined by the original equation at the point of operation onsidered.
We illustrate the validity of this redution by omparing numerial spiral wave solutions to
the Oregonator reation-diusion equation with the orresponding solutions to the omplex
Ginzburg-Landau equation at nite distanes from the bifuration point. We also ompare
the solutions at a bifuration point where the systems develop spatio-temporal haos. We
show that the omplex Ginzburg-Landau equation represents the dynamial behavior of the
reation-diusion equation remarkably well suiently far from the bifuration point for
experimental appliations to be feasible.
To appear in Int. J. Bifuration and Chaos, 7(9), 1997.
1 Introdution
During the last two deades, the study of spiral waves and spatio-temporal haos in physial,
hemial, and biologial systems has reeived muh attention. In physis, spiral patterns have
been studied extensively in hydrodynami systems [Cross & Hohenberg 1993℄. Reently, spiral
formation has also been studied in liquid rystals [Coullet et al. 1994℄. Biologial examples inlude
the growth of the slime mold Dityostelium disoideum [Newell 1983℄ and potential dierenes
ouring on the surfae of rabbit heart musles [Allesie et al. 1977℄. In hemial systems, spiral
formation and related phenomena like target wave propagation often our in osillatory hemial
reations whih take plae in unstirred media (e.g. a petri dish). In this ase the spirals appear
as onentration variations over the spatial domain of the system. A well-known example of
a hemial reation exhibiting suh phenomena, is the Belousov-Zhabotinsky reation, whose
properties in spatially distributed media has been disussed extensively in the hemial literature.
For further referene, see Zhabotinsky [1991℄ and referenes therein. Reently, observations of
spiral wave development and spatio-temporally haoti patterns lose to a superritial Hopf
bifuration was reported by Ouyang & Flesselles [1996℄.
The state spae of hemial systems exhibiting wave and spatio-temporally haoti phenomena
almost always have a fairly high dimension. Consequently, realisti modeling of suh phenomena
by diret integration of the reation-diusion equation is diult or sometimes even impossible.
For this reason most works in this eld have used simplied two-dimensional models, often
desribing exitable media.
For osillatory systems, the motion in the onentration spae largely takes plae on a two-
dimensional manifold. In partiular, this ondition applies near a superritial Hopf bifuration
where, furthermore, the motion in the plane of osillations an be desribed analytially to a
very good approximation. Integrating the reation-diusion system lose to a superritial Hopf
bifuration an be a very time onsuming and diult task even on a large omputer. For this
reason, it is of great importane to introdue tehniques that utilize the harateristis of the
Hopf bifuration in order to simplify the reation-diusion equation (RDE) without hanging the
essential properties of the solution. As shown by Kuramoto [1984℄, suh a desription is oered
by the omplex Ginzburg-Landau equation (CGLE) whih provides a systemati desription of
the hemial waves near a Hopf bifuration (of the orresponding homogeneous system). He
applied it to the Brusselator, a two-dimensional model for an abstrat hemial system.
The CGLE is an amplitude equation whih desribes the waves of the reation-diusion system
in terms of a omplex amplitude. It oers a number of advantages in addition to a redution
of the eetive dimension of the original reation-diusion equation. It provides an intuitively
natural desription of osillations whih failitates interpretations of results and, furthermore,
introdues a saling whih makes it universal, depending only on two omplex parameters but
not e.g. on the distane from the bifuration point. The saling also solves a serious problem
assoiated with the integration of reation-diusion equations, due to the ritial slowing down of
the motion in the onentration spae whih ours near the bifuration point. The desription
beomes inreasingly preise as the Hopf bifuration point is approahed and is exat in the
limit.
As one moves further away from the bifuration point the CGLE desription gradually beomes
less preise. Hene we wish to disuss how well the CGLE desription approximates realisti
reation-diusion systems representing atual hemial systems at nite distanes from a Hopf
bifuration. This point is very important from an experimental point of view, sine experimental
observations of waves and spatio-temporal haos require suiently large amplitudes and rates
of development for spatial patterns.
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The behavior of amplitude equations that apply lose to a Hopf bifuration have for example
been studied by Huber et al. [1992℄, Aranson et al. [1993℄, and Niolis [1995℄. However, to our
knowledge, there have been no attempts to test how well the CGLE atually does approximate
the behavior of a realisti reation-diusion system lose to a superritial Hopf bifuration. By
omparing results from simulations of a spei reation-diusion system with those of the asso-
iated CGLE, we show in this paper that the CGLE indeed gives a very satisfatory desription
of the original system. We fous attention on two spei onditions for an Oregonator model,
where spiral patterns and haoti patterns an our when the orresponding homogeneous sys-
tems exhibits simple osillations with small amplitude.
2 Review of Theory
We onsider a hemial reation with n hemial omponents taking plae under heterogeneous
onditions desribed by the reation-diusion equation. The reation-diusion equation is de-
ned by the rate expression and the diusion matrix assoiated with the hemial system under
onsideration. Let the vetor c desribe the onentrations of the n dynamial speies that par-
tiipate in the reation-diusion system. The assoiated reation-diusion equation an then be
written as
c˙ = f(c;µ) +D·∇2
r
c, (1)
where f is the rate expression and D is the diusion matrix. Here µ designates some ontrollable
parameter whih an be varied experimentally and serves as a bifuration parameter. Assume
that this system has a homogeneous and stationary solution cs. The dynamis of small pertur-
bations u(t, r;µ) = c(t, r;µ) − cs(t;µ) of the stationary point an then be desribed through a
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M is often referred to as the Hessian. The stability of the stationary state cs to spae-independent
perturbations is determined by the eigenvalues of the Jaobian matrix assoiated with the lin-
earization of the rate expression f(c;µ) in Eq. (1) around cs. In general, a bifuration or loss of
stability will our if the real part of one or more of these eigenvalues hange sign from negative
to positive. Let us assume that cs looses stability via a superritial Hopf bifuration at µ = µ0
due to a hange of sign in the real part of a omplex eigenvalue λ = σ + iω and its omplex
onjugate. At the bifuration point, the eigenvalue λ will therefore be purely imaginary, iω0. In
the homogeneous system, this bifuration gives rise to small sinusoidal osillations of the on-
entrations. In the limit µ → µ0, the frequeny of the osillations will approah the value ω0
orresponding to the imaginary part of λ at the bifuration point.
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The equations related to the Hopf bifuration an be expanded in a formal parameter ǫ whih
often is related to the amplitude of the osillations. The quantities u, J(µ), M(µ), N(µ),
λ(µ) = σ(µ) + iω(µ) and the original parameter µ an be expanded as follows
u = ǫu1 + ǫ
2u2 + ǫ
3u3 . . . , J = J0 + ǫ
2J2 + ǫ
4J4 . . . ,








N4 . . . ,
λ = λ0 + ǫ
2λ2 + ǫ
4λ4 . . . ,
µ = µ0 + ǫ
2µ2 + ǫ
4µ4 . . .
(4)
where λj = σj+iωj, j = 0, 2, 4, . . .. The parameter ǫ an be dened in many ways. In experimen-
tal situations where the bifuration parameter is a real physial quantity, it is often onvenient to
hoose ǫ in a dimensionless form and eliminate it from all expressions that are used to interpret
results [Kosek et al. 1994℄.
Consider the behavior of the system in states that loally are lose to the homogeneous osillatory
solution. One an prove [Kuramoto 1984℄ that lose to the Hopf bifuration point the dynamis
of the n hemial speies c(t, r;µ) an be approximated by the following equation
c(t, r;µ) = cs + ǫ
(




Here U+ is the omplex right eigenvetor assoiated with the bifurating eigenvalue iω0 at the








whih depends on t, r, and ǫ through the time and spae variables τ and s, saled with ǫ as
τ = ǫ2t and s = ǫ r. One purpose of the saling is to obtain a desription that is independent
of the distane from the bifuration point (as long as the approximation is appliable). The
use of the saled time τ solves the problem of ritial slowing down exhibited when the system
approahes the bifuration point. In other words, the loser we get to the bifuration point, the
longer the transient time for pattern development. As we shall see, this fat an indeed ause
diulties in numerial studies of the original reation-diusion equation, whih are absent when
the CGLE is used.
The omplex parameter d in the CGLE is determined by the equation
d = U∗+ ·D·U+, (7)
whereU
∗
+ is the left eigenvetor orresponding to the bifurating eigenvalue iω0 at the bifuration
point. The left eigenvetor U
∗
+ has been normalized to full the relation U
∗
+ ·U+ = 1. To nd
the omplex oeient g one rst determines two vetors F20 and F11 by solving the two linear
equations [Kuramoto 1984℄




J0 ·F11 = −M0 :U+U+. (8b)
The omplex parameter g an be found by the expression [Kuramoto 1984℄
g = −U∗+ ·M0 :U+F11 −U
∗










In Eq. (8) and Eq. (9), the tensors J0, M0, and N0 denote the values of J, M, and N at the
bifuration point µ = µ0.
The omplex Ginzburg-Landau equation is often presented in the form
∂W
∂τ
= W − (1 + iβ)|W |2W + (1 + iα)∇2
s
W. (10)
Here α = d
′′
d′
and β = g
′′
g′
, where d′ = Re d, d′′ = Im d, g′ = Re g, and g′′ = Im g. One obtains
this dimensionless version of the omplex Ginzburg-Landau equation by performing the variable











One an easily show that in a one-dimensional spatial domain of innite length Eq. (10) admits
of plane wave solutions of the form
WQ(x, t) = RQe
i (Qx−ωQt), (11)
where the frequeny ωQ and amplitude RQ have to satisfy the relations
RQ =
√
1−Q2, |Q| < 1, (12a)
ωQ = βQ
2 + α(1−Q2). (12b)
By onsidering perturbations of the plane wave solutions, one an prove that these beome
unstable when α and β satisfy the relation 1 + αβ < 0. The quantity 1 + αβ = 0 determines
the boundary of the Benjamin-Feir instability whih is assoiated with spatio-temporally haoti
behavior in the system. Sine spiral wave solutions far from the spiral ore asymptotially
approah a plane wave loally, one would expet that rossing the boundary of the Benjamin-
Feir instability also implies a breakdown of spiral waves and perhaps development of haoti
behavior. In Se. 4 we shall present examples showing the breakdown of spiral wave solutions in
both the reation-diusion equation and the Ginzburg-Landau equation.
3 Model desription
As a model for a real hemial system we have hosen the three dimensional Oregonator [Field
& Noyes 1974℄. The Oregonator is based on the so-alled FKN-mehanism, whih provided the
rst suessful explanation of the hemial osillations that our in the BZ-reation [Field et al.
1972℄. During the last two deades, the Oregonator model has been modied in many ways by
inlusion of additional hemial reation steps or by hanging the rate onstants. The model
used in this study onsists of the original Oregonator mehanism
BrO−3 + Br
− + 2H+
k1−→ HBrO2 +HBrO (13a)
HBrO2 +Br












k5−→ fBr− +Ce3+ (13e)
with rate onstants k1, . . . , k5 from Field & Försterling [1986℄. The quantity f is a stoihiometri
fator. For notational simpliity we introdue A = [BrO−3 ], H = [H
+], X = [HBrO2], Y = [Br
−],
and Z = [Ce4+], where [S℄ is the onentration of speies S. For relevant experimental onditions
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we may assume that [BrO−3 ℄ and [H
+
℄ are onstant. By applying mass law kinetis, the time and
spae variation of the spatially distributed Oregonator model an be desribed by the following




2Y − k2HXY − 2k3X

















where DX , DY , and DZ are the diusion onstants of the speies HBrO2, Br
−
, and Ce4+
respetively (for dilute solutions, the diusion matrix is diagonal to a good approximation). For
a thorough disussion of the hemistry on whih the Oregonator is based, the reader is referred
to Tyson [1985℄. The values of the stoihiometri fator f [Nielsen et al. 1991℄, of the rate
onstants and of the diusion onstants used in the numerial studies are shown in table 1. For
the diusion onstants, we have used estimates by Hynne & Sørensen [1993℄.
4 Numerial simulations
The parameters α and β in Eq. (10) have a ompliated funtional dependene on the parameters
that haraterize the Hopf bifuration in the original reation-diusion system as is evident
from Eqs. (7)(9). If a parameter in the original model system is hanged slightly, a new Hopf
bifuration an be found by adjusting another parameter, orresponding to the fat that the Hopf
bifuration is a generi o-dimension one bifuration. The Ginzburg-Landau parameters α and
β will also hange due to Eqs. (7) and (9). It is therefore onvenient to study the variation of the
parameters α and β along a branh in a Hopf bifuration diagram where the Hopf bifuration
is ontinued as a funtion of two appropriate parameters in the partiular system. For the
present Oregonator model, we have hosen the onentrations of BrO−3 and H
+
as bifuration
parameters, sine these easily an be varied experimentally and are almost onstant during an
experiment. The bifuration diagram obtained for the Oregonator model is shown in Fig. 1. The
urve onsists of two branhes representing super- and subritial Hopf bifurations shown as the
solid and dashed parts of the urve in Fig. 1. This hange of stability ours at [BrO−3 ] = 0.269 M
and [H+] = 0.176 M (M = mol dm−3).
Sine Eq. (6) applies to a superritial Hopf bifuration only, our attention will be limited to
the superritial branh in the bifuration diagram. One an alulate the parameters α and β
from Eqs. (7) and (9) along the bifuration urve plotted as funtions of [BrO−3 ] in Fig. 2. We
see that the diusion parameter α hanges slightly as the Hopf bifuration point varies with the
bifuration parameters [BrO−3 ] and [H
+]. This variation is due to the fat that the diretions
of the right and left eigenvetors of the Jaobian matrix J0 hange with the Hopf bifuration
point. The oeient β shows a more dramati hange along the bifuration urve. At the




beomes zero at the transition from superritial to subritial behavior. An extended
Ginzburg-Landau approah may still apply lose to the singularity if a quinti term is added to
the omplex Ginzburg-Landau equation. However, this modiation will not be onsidered in
this paper.
A ruial term whih an be alulated from the values of α and β along the Hopf bifura-
tion branh is the Benjamin-Feir parameter 1 + αβ, whih determines whether plane waves
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are unstable (1 + αβ < 0) to small perturbations in one spae dimension. The variation of
1 + αβ along the superritial part of the Hopf bifuration urve is exhibited in Fig. 3 whih
shows that a Benjamin-Feir instability starts at [BrO−3 ]BF = 0.073 M and [H
+]BF = 0.348 M. For
[BrO−3 ] < [BrO
−
3 ]BF and [H
+] > [H+]BF, we may therefore expet to nd stable spiral wave so-
lutions to the reation-diusion system as well as to the omplex Ginzburg-Landau equation.
Spiral waves are expeted to beome unstable when [BrO−3 ] > [BrO
−
3 ]BF and [H
+] < [H+]BF.
(Reall that [BrO−3 ] and [H
+] vary together on the Hopf bifuration urve.)
We have seleted two points on the (superritial) Hopf bifuration urve for omparisons of the
(Oregonator based) reation-diusion system with the orresponding omplex Ginzburg-Landau
equation as indiated on Fig. 1. The harateristi Ginzburg-Landau parameters for the two
points are shown in table 2. The points dier in the sign of the Benjamin-Feir parameter,
1 + αβ; they are marked on Fig. 3. The omplex Ginzburg-Landau equation applies near a Hopf
bifuration and is saled so that its form is independent of the distane from the bifuration
point. Thus, α and β are dened at the bifuration. However, we want to ompare solutions to
the omplex Ginzburg-Landau equation whih is independent of the distane from the bifuration
point with those of the reation-diusion system for whih the distane from the bifuration point
is important. In the latter ase, one must work at denite (nite) distanes from the bifuration
urve. The points are hosen with the following onsiderations in mind: If a point is too lose
to the bifuration urve, signiant spatial hanges in amplitude take so long (ompared to a
loal period of osillation) that the numeri solution of the reation-diusion equation beomes
pratially impossible. On the other hand, the points should be lose enough to the bifuration
for the omplex Ginzburg-Landau equation to apply to a reasonably good approximation.
One way, by whih one an estimate a reasonable hoie for the distane from the bifuration,
is to study how well the Stuart-Landau equation, approximates the true limit yle solution for
the homogeneous hemial reation system. The Stuart-Landau equation is simply the omplex
Ginzburg-Landau equation without the diusion term, i.e.
∂W
∂τ
= λ2W − g|W |
2W. (15)










for the motion on the limit yle. Expressing the solution in terms of the real time t we nd that
the Stuart-Landau predition of the osillations of the hemial onentrations will be desribed
by the expression









where ω(µ) = ω0 + (ω2 − σ2
g′′
g′
)µ. By plotting and omparing Eq. (17) together with the atual
solution of the reation system, one normally will get an initial estimation of whether or not the
Ginzburg-Landau approah an be justied.
As the rst point of investigation, we have hosen [BrO−3 ] = 0.01205 M with [H
+] = 1 M, whih
lies on the stable side of the Benjamin-Feir boundary (1 + αβ = 0.76). Plots of the Stuart-Landau
solution and the atual solution to the homogeneous Oregonator model are presented in Fig. 4a.
The point is hosen at a distane from the bifuration where the amplitude of the Stuart-Landau
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solution is 10% of the value of [Ce4+] at the stationary point cs. The results for the reation-
diusion equation and the CGLE on a two-dimensional spatial domain are shown in Fig. 5. One
learly sees that the spatial wavelengths of the spirals are in exellent agreement, 4.3195 cm and
4.3194 cm respetively, determined by Fourier transformation. The amplitudes (not shown) also
agree. Note also that the atual times it takes for the two spirals to evolve are almost the same,
whih learly justies the time saling τ = µt predited by the Ginzburg-Landau theory.
In order to see what happens when the distane from the bifuration point is inreased, we
have hosen two dierent values of [BrO−3 ] whih give rise to amplitudes of 50% and 60% of the
stationary onentration of Ce4+. The omparisons for the homogeneous systems, i.e. between
the atual limit yle and the Stuart-Landau predition are shown in Figs. 4b and 4. The results
of the integration of the reation-diusion system and the CGLE for these two working points
are presented in Figs. 6a and 6b. From Fig. 6a it is evident at suh large value of the bifuration
parameter [BrO−3 ] = 1.2950 × 10
−2 M, that the spiral enter in the reation-diusion system no
longer is loalized in the enter of the grid. This symmetry break is assoiated with the no-
ux boundary onditions and we shall ignore it in our omparisons. Even though the omplex
Ginzburg-Landau equation fails in detail, it still reprodues the behavior of the reation-diusion
system quite well. The spatial wavelengths are almost equal, 0.772 cm for the reation-diusion
equation and 0.720 cm for the CGLE, and the harateristi time sales of spiral development
are essentially the same for the two systems.
We now onsider the ase [BrO−3 ] = 1.3596 × 10
−2 M with an amplitude 60% of the average value
for the homogeneous Stuart-Landau solution. From Fig. 6b we learly see that at this rather
large distane from the bifuration point, the Ginzburg-Landau approah breaks down. The
CGLE desription predits a stable spiral solution for the reation-diusion system, whih itself
exhibits a totally dierent pattern: A small spiral tip is formed near the boundary. After a few
windings the spiral beomes unable to maintain its struture. It beomes unstable and breaks
up into a large number of small spiral ores distributed throughout the spatial domain of the
system. The visual appearane of the solution to the reation-diusion equation does indeed
look omplex. However, the system is not haoti. This has been investigated by alulating
the largest Lyapunov exponent λmax whih is zero. The system is thus haraterized by an
osillatory state whih in this ase is dominated by a large olletion of relatively small spirals.
Even though the resemblane between the reation-diusion system and the CGLE seems to be
lost ompletely for this partiular situation, one should note that the spatial wavelength of the
small reation-diusion spirals still are in good agreement with the spatial wavelength found in
the single spiral wave solution to the CGLE.
We now turn to a point on the bifuration urve where the Benjamin-Feir parameter 1 + αβ is
negative, viz. [BrO−3 ]Hopf = 0.073 M and [H
+]Hopf = 0.348 M where the Benjamin-Feir parameter
equals 1 + αβ = −0.13. The atual integrations of the reation-diusion system were arried out
at [BrO−3 ] = 0.0817 M with [H
+] = [H+]Hopf . Here the Stuart-Landau amplitude is 10% of the
average Ce4+ onentration, see Fig. 4d. The results for the reation-diusion equation and the
CGLE are shown in Figs. 7a (phase) and 7b (amplitude). In both simulations (RDE and CGLE)
we see that initially a spiral wave begins to develop from the enter of the region. However, when
two spiral windings have been formed, the spiral beomes unstable and a shok-like irular wave
develops from the spiral ore. When this shok wave hits the boundaries of the spatial domain
a number of new spiral ores are generated (these are often referred to as phaseless points).
Some of these phaseless points will repeat the senario just desribed, whereas others will be
annihilated either at the boundaries of the system or by olliding with other phaseless points.
Finally, we end up with a spatio-temporally haoti state whih is totally dominated by phaseless
points. From Fig. 7a and 7b we note the striking similarity between the behavior of the reation-
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diusion equation and the orresponding CGLE. The development of the haoti state takes
plae in almost the same time in the two systems. Furthermore, we see that the number of
phaseless points in the spatial domain of the two systems are of the same order of magnitude.
The haoti harater of the system is illustrated in Fig. 8, where the estimate of the largest
Lyapunov exponent for the CGLE system, λmax, is plotted as a funtion of time. For t→∞ the
urve onverges to a limiting value, the atual value of the Lyapunov exponent. As is evident
from Fig. 8, the Lyapunov exponent is positive orresponding to haoti dynamis.
The harateristi parameters used for the numerial integrations disussed in this setion are
summarized in table 3.
5 Computational details
The omputation of the Hopf bifuration diagram and the limit yle solutions to the homo-
geneous Oregonator model were done with the bifuration analysis pakage CONT [Shreiber
1995℄. All integrations of the reation-diusion systems were performed on a CRAY92-omputer
using an expliit fourth order Runge-Kutta algorithm [Press et al. 1992℄. The integration of
the CGLE were done on a HPUX-workstation using the impliit Adams method from ODE-
PACK [Hindmarsh 1983℄. All integrations were arried out with no-ux boundary onditions
and initial onditions hosen as desribed in [Kuramoto 1984, p. 106℄. The Lyapunov exponent
was omputed by using a numerial approah desribed by Marek and Shreiber [1991℄.
6 Disussion
We onsider two ways of using the omplex Ginzburg-Landau equation for hemial reation
diusion systems. One is to simplify alulations with models. Another one is to base realisti
modelling of atual reation diusion systems on the CGLE with parameters determined diretly
by experiments performed on homogeneous systems [Hynne & Sørensen, 1993℄.
The numerial simpliation of the reation-diusion models by the CGLE is obtained in two
ways. First, the CGLE eetively redues the dimension of the state spae to two, whih saves
omputation time, partiularly for high-dimensional models. For example, alulation of waves
for the big model of Györgyi et al. [1990℄ with its 26-dimensional state spae, is no more diult
numerially than for any other model  one the Ginzburg-Landau parameters have been al-
ulated. (Here the main problem is to obtain all the relevant diusion oeients). Seond and
most importantly, the use of the CGLE solves the problem (with the RDE) of the ritial slowing
down of pattern development that ours near a bifuration. The CGLE works with amplitudes,
and the major eet of the time osillations is aounted for analytially (in the transforma-
tion to the amplitude equation) rather than numerially. In fat, the ritial slowing down has
been ompletely saled away in the CGLE. The importane of this feature an be appreiated
by the signiant redutions (by fators up to 1000) of the number of steps neessary for the
integration, see table 3. In pratie this means that the CGLE-alulation an be made with
a work station whereas a superomputer may be needed for integrating the RDE. In addition,
the CGLE provides the solution in the form of a time and spae dependent omplex amplitude.
This form is very onvenient for understanding solutions, and it an easily be transformed bak
to atual time and spae dependent onentrations of the (multitude of) speies partiipating in
the reations.
The other way of using the CGLE for hemial systems is to set up the Ginzburg-Landau equation
diretly from experimental measurements on the orresponding homogeneous reation system
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using independently measured diusion oeients. It has been shown previously [Hynne &
Sørensen 1993℄ how the parameters an be obtained from quenhing experiments [Sørensen &
Hynne 1989; Hynne et al. 1990; Vukojevi¢ et al. 1993; Nagy et al. 1995℄. Thus, it is possible to
model waves and haos in real spatial systems without knowing the detailed mehanism of the
hemial reations.
The previous disussion shows that the Ginzburg-Landau approah to hemial reation-diusion
systems is potentially very important. However, the use of the CGLE depends on the validity of
the approximation for any partiular system and operating point.
To throw some light on the question of the validity of the omplex Ginzburg-Landau approx-
imation we have ompared solutions to a model reation-diusion system with their CGLE-
approximations. For a hemial reation diusion system based on the Oregonator model of
the Belousov-Zhabotinsky reation, we nd that there exist substantial regions for whih the
CGLE provides an exellent desription of the dynamial behavior. This onlusion applies to
parameter regions where the solutions show spatio-temporal haos as well as regions with stable
spiral waves. In the latter ase, we demonstrate how the CGLE approximation eventually fails
beyond a ertain limit.
Experimentally, it is diult to work too lose to a Hopf bifuration beause small amplitude
waves are diult to detet and beause of slow pattern evolution (ritial slowing down). We
onlude from the present study that one an reasonably expet a Ginzburg-Landau desrip-
tion to remain appliable to a system at experimentally feasible distanes from the bifuration
point, provided the properties of the Oregonator model an be regarded as representative of the
investigated system.
One ondition for using the onlusions of the present study is that the real parts of the eigen-
values of the Jaobian matrix (other than the bifurating pair) are suiently negative as in
the Oregonator model onsidered here so that exitations out of the plane of osillations deay
fast. We are urrently studying what happens when one suh "transient mode" is slow, and the
present work serves as a preliminary to that study as well as a prerequisite to using the CGLE
with experiments and models.
To onlude, waves and spatio-temporal haos in real hemial systems an be desribed by a
omplex Ginzburg-Landau equation with parameters α and β determined by quenhing experi-
ments performed on the spei reation at the spei point of operation used. The paper has
demonstrated that, typially, the Ginzburg-Landau desription will apply in a suiently wide
region surrounding the bifuration set to make the desription useful in pratie.
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Captions of tables and gures
Table 1: Rate onstants k1, . . . , k5, stoihiometri fator f and diusion onstants DX , DY and
DZ used in the numerial integration of the Oregonator model, Eq. (14). The values of k1, . . . , k4
are from Field and Försterling [1986℄, k5 and f from Nielsen et al. [1991℄ and diusion onstants
from Hynne & Sørensen [1993℄. (M = mol dm−3).
Table 2: Parameter values of the omplex Ginzburg-Landau equation at the two points of
the (1 + αβ)-urve plotted in Fig. 3 orresponding to the values of the two-parameter point
([BrO−3 ]Hopf , [H
+]Hopf). The values of [BrO
−
3 ] atually used in the numerial integration of the
reation-diusion system are given in table 3. Note that these values are o the bifuration urve.
The number ω0 is the frequeny of the sinusoidal osillations exatly at the Hopf bifuration
point, whereas σ2 and ω2 are the derivatives of the real and imaginary parts of the eigenvalue
λ with respet to the bifuration parameter (i.e. [BrO−3 ] for this partiular example). The
parameters g and d are the oeients of the nonlinear term and the diusion term in the omplex
Ginzburg-Landau equation, from whih the dimensionless parameters α and β are alulated (see
Eqs. (6) and (10)). The Benjamin-Feir parameter 1 + αβ for the two Hopf bifuration points
have been seleted in order to study two dierent situations: At the rst point (1 + αβ > 0) we
nd that the reation-diusion system to admits of stable spiral wave solutions, whereas for the
seond point (1 + αβ < 0) we nd haoti behavior.
Table 3: Integration parameters for the reation-diusion equation and the orresponding om-
plex Ginzburg-Landau equation for dierent amplitudes relative to the stationary Ce4+ onen-
tration and for the two seleted points on the Hopf bifuration urve (Fig. 1). The table shows
the nal integration time, tend, and size, (rx, ry), of the 2-dimensional domain for the spei bi-
furation point distanes of [BrO−3 ] used in the integration of the reation-diusion system. τend
and (sx, sy) indiate the orresponding saled values used in the integration of the CGLE. The
size of the grid is also shown together with a omparison between the steps used by the solver
to reah tend for the reation-diusion system and the assoiated CGLE (equal grid sizes was
hosen for the integration of a spei reation-diusion system and the orresponding CGLE).
Figure 1: Bifuration diagram showing the loations of Hopf bifurations in the Oregonator
model in the plane of the two parameters [BrO−3 ] and [H
+]. At a spei point [BrO−3 ] = 0.269 M
and [H+] = 0.176 M, the Hopf bifuration hanges stability from superritial to subritial orre-
sponding to the solid and dashed urves respetively. For eah point on the solid urve, a unique
Ginzburg-Landau equation is dened, sine the Ginzburg-Landau parameters ω2, σ2, g and d
an be alulated from Eqs. (7)(9). The omparisons between the reation-diusion system and
the omplex Ginzburg-Landau equation have been arried out at the two points indiated on the
urve.
Figure 2: (a): The dimensionless diusion parameter α along the superritial branh in Fig. 1,
plotted as a funtion of the parameter [BrO−3 ]. (b): Variation of the dimensionless parame-
ter β assoiated with the nonlinear term in the omplex Ginzburg-Landau equation along the
superritial branh in Fig. 1 plotted as a funtion of the parameter [BrO−3 ].
Figure 3: The gure shows the variation of the Benjamin-Feir stability parameter 1+αβ along
the urve of Hopf bifuration points in the Oregonator model with [BrO−3 ] (a) and [H
+] (b)
as parameter. From (a) and (b) we see that the Oregonator reation-diusion system rosses
the Benjamin-Feir instability border at the point [BrO−3 ] = 0.073 M and [H
+] = 0.348 M where
1+αβ hanges sign. As referene for further numerial investigations we have hosen two points
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indiated on gure (a) and (b) with a lled and an open irle: One point showing stable spiral
wave solutions and one point exhibiting spatio-temporally haoti behavior.
Figure 4: Comparisons of the atual periodi solutions to the homogeneous Oregonator model
(solid lines) and its approximation by the Stuart-Landau equation (dashed lines) at various
distanes from the bifuration point. (a)-(): Periodi solutions with amplitudes of 10%, 50% and
60% of the stationary onentration of Ce4+ at the Hopf bifuration point represented in Fig. 1
with a lled irle. (d): Osillations with an amplitude of 10% of the stationary onentration
of Ce4+ assoiated with the Hopf bifuration point represented with an open irle in Fig. 1.
Figure 5: The phase φ of the osillations for a stable spiral solution to the Oregonator reation-
diusion system (RDE) and the assoiated omplex Ginzburg-Landau equation (CGLE). The
parameters used in the integrations orrespond to the point marked with a lled irle in
Figs. 1 and 3. In this ase there is a very good agreement between the time sale under whih
the two patterns develop as well as the spatial wavelength of the two spirals. The numbers
below eah of the six snapshots of the RDE shows the time elapsed for that partiular state
in the RDE in units of 105 s. The orresponding snapshots for the CGLE are made at orre-
sponding saled times. The reation-diusion system has been solved for the parameter value
[BrO−3 ] = 1.2051 × 10
−2 M orresponding to an amplitude of 10% of the stationary onentration
of Ce4+ for the homogeneous Oregonator system.
Figure 6: Deviations between the reation-diusion system and the CGLE desription beome
more evident when a larger distane from the bifuration point is hosen. The gure ompares
the two systems at two nite distanes orresponding to an amplitude of 50% (a) and 60% (b)
of the stationary Ce4+ onentration. Due to nonlinear eets whih beome dominating as the
distane inreases the spiral moves away from the enter of the domain and freezes at a point
lose to the boundary of the domain. In (a) the general harateristis (spatial wavelength and
time of evolution) of the spirals in the two systems are still in good agreement. When the distane
is inreased further (b) the resemblane between the reation-diusion system and the CGLE is
ompletely lost. The nal state of the reation-diusion system is haraterized by a number of
small spirals distributed throughout the domain of the system. However, the spatial wavelength
of these spirals are still desribed well by the CGLE.
Figure 7: Development of a haoti state in the Oregonator reation-diusion system (RDE)
and the assoiated omplex Ginzburg-Landau equation (CGLE) represented by the phase φ (a)
and the amplitude (b) of the osillations of [Ce4+]. The harateristi parameter values used
in the RDE and the CGLE orrespond to the parameter point marked with an open irle in
Figs. 1 and 3 where the Benjamin-Feir parameter satises 1 + αβ < 0. Indiations below the
twelve snapshots of the RDE shows the evolution time for that partiular state in the RDE as
well as for the equivalent state in the CGLE measured in units of 105 s. Initially a spiral is
formed at the enter of the grid, but after approximately two windings have been, formed this
struture breaks down being replaed by a set of phaseless points. (A phaseless point appears
as a very loalized dark spot on the [Ce4+]-plot). The phaseless points will either split into
other phaseless points or be annihilated at the boundary of the spatial domain. This senario is
then repeated, resulting in a very ompliated interation between the phaseless points. Finally
a spatio-temporally haoti state is reahed in both the RDE and the CGLE. In the plots
of the phase and the amplitude of [Ce4+] we see a striking similarity between the behavior
exhibited by the RDE and the CGLE. The two patterns develop in an almost synhronized
manner. Even when the spiral is fully destroyed (t = 2.5× 105 s) the positions of the phaseless
points are still very similar in the orresponding RDE and CGLE states. The synhronization
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is however lost at the nal haoti state, due to the fat that this haoti state is haraterized
by a ritial dependene on the initial onditions. The reation-diusion system has been solved
for the parameter value [BrO−3 ] = 8.1935 × 10
−2 M orresponding to an amplitude of 10% of the
stationary Ce4+ onentration.
Figure 8: Largest Lyapunov exponent, λmax, alulated for the omplex Ginzburg-Landau
equation for the state presented in Fig. 7 (shown in Figs. 1 and 3 with an open irle). The
value of λmax is plotted as a funtion of time for a point where 1 + αβ < 0 giving rise to spatio-







−2s−1 3.0 × 106
k3/M







2s−1 1.0 × 10−5
DY /cm
2s−1 1.6 × 10−5
DZ/cm
2s−1 0.6 × 10−5
Table 1:
Parameter Spiral Turbulene
[BrO−3 ]Hopf/M 1.2014× 10
−2 8.1765× 10−2








g/1013M−2s−1 4.08 + i3.62 6.54 + i2.02
d/10−5cm2s−1 1.01− i0.28 1.03− i0.38
α −0.2712 −0.3651
β 0.8846 3.1020
1 + αβ 0.76010 −0.13237
Table 2:
Spiral Turbulene
amplitude deviation 10% 50% 60% 10%
[BrO−3 ]/M 1.2051× 10
−2 1.2950× 10−2 1.3596× 10−2 8.1765× 10−2
(µ− µ0)/M 3.7456× 10
−5 9.3642× 10−4 1.3484× 10−3 1.7082× 10−4
tend/10
5s 6.50 0.96 0.44 3.30
τend 24.3 89.9 59.3 56.4
(rx, ry)/cm (30.0, 30.0) (10.0, 10.0) (5.0, 5.0) (20.0, 20.0)
(sx, sy) (0.184, 0.184) (0.306, 0.306) (0.198, 0.198) (0.261, 0.261)
grid 128x128 256x256 256x256 128x128
steps - RDE/CGLE 6.5× 105/649 1.9× 105/9600 8.8× 104/3747 3.3× 105/3300
Table 3:
Figure 1:
Figure 2:
Figure 3:
Figure 4:
Figure 5:
Figure 6:
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